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Abstract. We show that the classical example X of a 3-dimonsional gener- 
alized manifold constructed by van Kampen is another example of not homo- 
logically locally connected (i.e. not HLC) space. This space X is not locally 
homeomorphic to any of the compact metrizable 3-dimensional manifolds con- 
structed in our earlier paper which are not HLC spaces either. 



1. Introduction 

In our earlier paper |10| we constructed for every natural number n > 2, exam- 
ples of n-dimensional compact metrizable cohomology n-manifolds which are not 
homologically locally connected with respect to the singular homology (i.e. they 
are not HLC spaces). In the present paper we shall call them singular quotient 
n-manifolds. 

Subsequently, we have discovered that van Kampen constructed a compact metriz- 
able generalized 3-manifold which "is not locally connected in dimension 1 in the 
homotopy sense" [H p. 573]. The description of van Kampen's construction can be 
found in [21 p. 573] (see also [HI p. 245]). 

The obvious modification of van Kampen's construction gives an infinite class 
of examples - we shall call them van Kampen generalized 3-manifolds. The main 
purpose of the present paper is to prove the following theorem: 

Theorem 1.1. No van Kampen generalized 3-manifold is homologically locally con- 
nected in dimension 1 with respect to the singular homology. They are neither 
locally homeomorphic to any singular quotient 3-manifold. Furthermore, no sin- 
gular quotient 3-manifold is locally homeomorphic to any van Kampen generalized 
3-manifold. 

2. Preliminaries 

We shall denote the singular homology (resp. Cech cohomology) groups with 
integer coefficients by iJ* (resp. H*). All spaces considered in this paper will be 
assumed to be metrizable, locally compact and finite-dimensional. Under these 
circumstances the classes of generalized manifolds, homology manifolds, and coho- 
mology manifolds in the classical sense [TBj coincide (cf. [SJinilllj). For the history 
and importance of generalized manifolds see |13) . 
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Definition 2.1. (cf. [31 p. 377, Corollary 16.9]). A locally compact, cohomolog- 
ically locally connected with respect to Cech cohomology {clc),and cohomologically 
finite- dimensional space X is called a generalized n-manifold, n G N, if 

HP{X,X\ {x}) = HP{W\W \ {0}) 

for all X E X and all p G Z_|_. 

Definition 2.2. A closed 3-manifold is called a homology 3-sphere if its homology 
groups are isomorphic to the homology groups of the standard 3-sphere (cf e.g. 
[5]). The complement of the interior of any 3- simplex in any triangulation of any 
homology Z-sphere is called a homology S-baU. 

In 1904 Poincare constructed the first example of a homology 3-sphere with a 
nontrivial fundamental group [12^ JA^ . The following theorem is due to Brown |4| : 

Theorem 2.3. (Generalized Schonfiies theorem). Let h : 5""^ x [1, 1] -)> 5" 

be an embedding. Then the closures of both complementary domains of h{S^^^^ x 0) 
in S" are topological n-cells. 

Definition 2.4. A space X is said to be locally homeomorhic to the space Y 
if for every point x X there exists an open neighborhood Ux C X which is 
homeomorphic to some open subspace of Y. 

Definition 2.5. (cf. e.g. [IIISIITO]). Let G be any group and g d G any element. 
The commutator length cl{g) of the element g is defined as the minimal number 
of the commutators of the group G the product of which is g. Lf such a number does 
not exist then we set cl{g) — oo. Moreover, cl{g) — Q if and only if g — e, where e 
denotes the neutral element. 

Theorem 2.6. (cf. [SI 0). Let G be a free product of groups {Gi}^^i, G = 
Gi * 6*2 * • • • * Gfc. Let g G G, gi G Gi for i = 1, fc and let g = 5152 ■ • • fffc- Then 
d{g) = ELi cl{gi). 

Assertion 2.7. The commutator length function has following properties: 

(1) If if : G ^ H is a homomorphism of groups and g G G then cl{(p{g)) < cl{g)\ 
and 

{2) For every element g E G, cl{g) — 00 <^ g ^ [G, G]. 
All undefined terms can be found in [3], [T3] or [TB]. 

3. The construction of the van Kampen example and the proof of 

THE Main Theorem 

To prove the main theorem we shall need a more detailed description of the 
original van Kampen construction [21 p. 573]. For nonnegative numbers i,p and q 
let the ball layer Ai^p^q be the following subspace of M'^: 

A.^py = {aeR^ \p< Ja- (0,i,0)l < p + q, (0,i,0) G R^}. 

In particular, Ai,o,q is a 3-ball with the center at the point (0,i,0) G M.^ and of 
radius q. For i G N, let {Bi}i£fi be a sequence of a homology 3-balls with a nontrivial 
fundamental group. All spaces Bt are compact 3-manifolds the boundaries of which 
are homeomorphic to S^. 
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Let for n, fc e N 

n+/c— 1 'n-\-k—l 
j—n i—n 

with the topology of identification of the boundaries of q i and Bi (the bar over 
the space denotes the closure of that space). Let 

Xk ~ Xi,k U Aq q i. 

Obviously, Xn,k and Xk are compact 3-manifolds with boundaries. Since the ho- 
mology groups of Bi are the same as the homology groups of the 3-ball A^^,^ it 
follows from the exactness of the Mayer- Vietoris homology sequence that the ho- 
mology groups of Xk are the same as the homology groups of q (j,^^-,, i.e. they 
are trivial and Xk is a homology 3-ball. 

Consider X = lm^{Xk C Xk+i) with the topology of the direct limit. Then 

(1) H^{X) = H4*) and = i.e. X is an acyclic 3-manifold. 

The one-point compactification of this space, by the point *, is a 3-dimensional 
compact metrizable space X*. 
We have 

(2) X* = lim(Xfc/a^o^o,(,+ i)), 

where X^/^Ag q i-, is the quotient of the manifold Xk via the identification of 
all of its boundary points to one point and where the projections 

-^fc/^^o,o,(fe-Ki) ^ -'^fc+i/<9^o,o,(fe+i+|) 

map the subspaces (Xfc+i/S^o g (fe+i+i \ Xfe of the spaces Xk+i/dA^ Q f^^^j^^i^ 
to the point of identification of X^/SAg g 

Obviously, the spaces X^/SAg q_(j,_|_i^ are homology 3-spheres and all projections 
in the inverse sequence generate isomorphisms of homology and cohomology groups. 
Therefore 

(3) H*{X*) ^ H*{S^). 
It follows from the exact sequence 

> HP-\X*\*) ^ HP{X*,X*\*) ^ HP{X*) ^ HP{X*\*) ^ ••• , 

from the facts that X*\*^X, = for p ^ 3, and from (P) and ©, that 

(4) HP{X*,X*\*)^ HP {R^,R^\{0}). 

Let us show that X* is a clc space. Since X is a 3-manifold, the space X* is a 
clc space at every point of X* \ *. Since X — \iuj{Xk C Xk+i) and Xk are compact 
spaces, the system of the sets {X* \ Xk} is a basis of neighborhoods of the point 
*. According to we have 

X* \ Xk = ^ (X„/av4g_o („+i))\Xfe , for n> k. 

The spaces (-'^^n/S^o.oXn-i-l)) \ -^k are homology 3-balls. It follows that X* \ Xk is 
an acyclic space with respect to the Cech cohomology. Therefore X* is a clc space. 
Hence it follows from that X* is a generalized 3-manifold (cf. Definition 12. II) . 
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The topological type of the space X* depends on the choice of the sequence of 
homology 3-balls Bi. In the case when all Bi are homeomorphic to the Poincare 
homology 3-sphere, the space X* is the example of van Kampen. In general, since 
there exist infinitely many distinct homology 3-balls (cf. [8J, there exists an infinite 
class of van Kampen generalized 3-manifolds. 

Let X* be any van Kampen generalized 3-manifold. We shall show that X* 
is not HLC in dimension 1. It suffices to prove that for every k the embedding 
X* \ Xk C X* \ Xi is not homologically trivial with respect to singular homology. 

The space X* \ Xk is a retract of X* \ Xi. Indeed, the 3-balls ^ 
spaces so there exists for every i, a mapping of B.^ on A^ q i which is the identity 
on the boundary of B.^. Therefore we have a mapping of Xi ^ onto the ball layer 

However, the sphere Aq /.^i g is a retract of this ball layer and Aq k_^_i q C 

X* \ Xk- Therefore X* \ Xk is a retract of X* \ Xi. So in order to prove that 
X* \ Xk C X*\Xi is not homologically trivial it suffices to prove that Hi {X* \ Xk) ^ 
0. 

Since for any path-connected space the 1-dimensional singular homology group is 
isomorphic to the abelianization of the fundamental group of this space, it suffices 
to show that '!Ti{X* \ Xk) is a nonperfect group. 

Consider the union of spheres Aj i q, for j > fc, with the compactification point 
as a subspace of the space X* \ Xk- Join them by the segments 

Ij - {(0, y, 0)1 y e [j + i j + 1 - i]}, j = k -fl, . • • oo. 
We get the compactum 

oo 

^= U ^j,i.oUljU{*}. 

j=fc+i 

The space A also lies in a 3-dimensional cube with a countable number of open 
balls {iiitAjQ i}J^i^^^ removed and it is obviously its retract. Therefore the space 

OG 

B = Alj U B. 

i=k+l 

with the natural topology of identification is a retract of X* \ Xk- 

Consider nontrivial loops G Bi, with their homotopy classes [a^]. Then < 
Z([a,;]). Since Hi{Bi) = it follows that ^[ai]) < cxd. Let a be any loop in B such 
that for the canonical projection of this space to Bi, the image of a generates the 
loop Ui (obviously such a loop exists). We have a homomorphism 

■ni{B) 7ri(Bi) * 7ri(B2) * • • • 

such that the image of [a] has projections [a^] in ni{Bi). Hence according to 12.61 
and 12.71 the commutator length of [a] G 7ri(i?) is infinite, cl{[a\) — oo, and the 
group 7ri(i3) is not perfect (j2.7|) . Therefore and since i? is a retract of X* \ Xk 
it follows that tti(X* \Xk) is nonperfect and hence the van Kampen generalized 
3-manifold is not an HLC-spa.ce. 

Let us prove that no van Kampen generalized 3-manifold is locally homeomor- 
phic to any singular quotient 3-manifold. Consider any open neighborhood U of 
the singular point * of a van Kampen generalized 3-manifold. Suppose that it were 
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homeomorphic to some open subset of some almost 3-manifold. Now, every sin- 
gular quotient 3-manifold is a quotient space of a topological 3-manifold by some 
continuum, which generates a singular point |10| . Therefore there should exists an 
index i such that some neighborhood of Bi in U embeds into the Euclidean 3-space 
with some ball layer A^^ i ^. 

By Theorem l2.3[ the bounded component of R^\Aj g is a 3-cell. So the space 
Bi U Aj^^^i Q embeds in a 3-cell. This embedding cannot be an onto mapping to 
the 3-cell because Bi is not simply connected. Therefore the sphere q must 

be a retract of Bi. However, this is impossible since the space Bi is acyclic whereas 
the sphere Ai ^ q is not acyclic. So no van Kampen generalized 3-manifold is locally 
homeomorphic to any almost 3-manifold. 

By the argument above and since every local homeomorphism must map singular 
points to singular points it follows that no singular quotient 3-manifold is locally 
homeomorphic to any van Kampen generalized 3-manifold. □ 

4. Epilogue 

Cohomological local connectedness does not imply local contractibility even in 
the category of compact metrizable generalized 3-manifolds (this follows e.g. from 
Theorem ll.ip . However, the following problem remains open: 

Problem 4.1. Does there exist a finite- dimensional compact metrizable generalized 
manifold (or merely finite- dimensional compactum) which is homologically locally 
connected but not locally contractible? 

Mardesic formulated the following interesting problem: 

Question 4.2. Is it true that every compact generalized n-manifold which is an 
ANR can be represented as an inverse limit of compact n-manifolds? 

As it was mentioned above (Chapter 3 of reference ([2])), every van Kampen 
generalized 3-manifold is an inverse limit of compact 3-manifolds. In contrast with 
this we set forth the following conjecture: 

Conjecture 4.3. No singular quotient 3-manifold can be represented as an inverse 
limit of closed 3-manifolds. 
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